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$EVWUDFW

7UDGLWLRQDOO\� WKH NLQHWLF WUHDWPHQW RI DGLDEDWLF FDORULPHWU\ GDWD KDV EHHQ EDVHG RQ WKH UHVXOWV

RI RQH RU PRUH H[SHULPHQWV� EXW DOZD\V ZLWK WKH DVVXPSWLRQ RI WKH NLQHWLF PRGHO WKDW WKH UHDFWLRQ

IROORZV WR FDOFXODWH WKH NLQHWLF SDUDPHWHUV� ,Q WKLV SDSHU D PHWKRG IRU WKH GHWHUPLQDWLRQ RI WKH DF�

WLYDWLRQ HQHUJ\ WKDW XVHV D VHW RI DGLDEDWLF FDORULPHWU\ GDWD LV GHYHORSHG� 7R FKHFN WKH PHWKRG� WKH

WKHUPDO GHFRPSRVLWLRQV RI WZR SHUR[LGHV ZHUH VWXGLHG�

.H\ZRUGV� DGLDEDWLF FDORULPHWU\� NLQHWLFV� .LVVLQJHU PHWKRG

,QWURGXFWLRQ

7KH LQIRUPDWLRQ REWDLQHG E\ DGLDEDWLF FDORULPHWU\ PD\ EH FODVVLILHG LQWR WZR
JURXSV�

− 7KHUPRG\QDPLF LQIRUPDWLRQ� VXFK DV ∆DG7� ∆U+� SPD[� 7PD[ DQG WKH PD[LPXP
UDWH RI WHPSHUDWXUH ULVH� ,Q JHQHUDO� WKLV LV LQIRUPDWLRQ UHODWLQJ WR WKH UHDFWLRQ VHYHULW\�

− .LQHWLF LQIRUPDWLRQ� DFWLYDWLRQ HQHUJ\� IUHTXHQF\ IDFWRU DQG NLQHWLF PRGHO�
(DFK NLQG RI LQIRUPDWLRQ LPSOLHV D GLIIHUHQW H[SHULPHQWDO GHVLJQ� :KHQ DQ H[�

SHULPHQW LV SHUIRUPHG WR REWDLQ WKHUPRG\QDPLF LQIRUPDWLRQ� WKH REMHFWLYH RI WKH H[�
SHULPHQW LV XVXDOO\ WR HYDOXDWH WKH PD[LPXP YLROHQFH RI WKH SURFHVV RU WKH YHQW VL]�
LQJ� 8QGHU WKHVH FRQGLWLRQV� WKH IDFWRU Φ� GHILQHG LQ (T� ���� VKRXOG EH DV FORVH DV
SRVVLEOH WR RQH�
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:KHQ WKH UHTXLUHG LQIRUPDWLRQ LV WKH NLQHWLFV RI WKH SURFHVV� WKH REMHFWLYH RI WKH
H[SHULPHQWV LV WR REWDLQ WKH NLQHWLF PRGHO DQG LWV SDUDPHWHUV WKDW DOORZ UHSURGXFWLRQ
RI WKH H[SHULPHQWDO GDWD� DQG VLPXODWLRQ RI WKH EHKDYLRXU RI WKH V\VWHP XQGHU GLIIHU�

����±�������� � ����

 ���� $NDGpPLDL .LDGy� %XGDSHVW

$NDGpPLDL .LDGy� %XGDSHVW

.OXZHU $FDGHPLF 3XEOLVKHUV� 'RUGUHFKW

 7KLV ZRUN ZDV SDUWLDOO\ FRPPXQLFDWHG DW WKH +�(�/� 8VHUV 0HHWLQJ� (QGLILHOG �8.�� �����
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HQW FRQGLWLRQV� 7KHVH VWXGLHV LQYROYH WZR SUREOHPV� WKHUH LV D FRQVLGHUDEOH LQIOXHQFH
RI QRLVH DW D ORZ VHOI�KHDWLQJ UDWHV� VR ORZ Φ YDOXHV �FORVH WR �� VHHP WR EH WKH EHVW
FKRLFH WR PRQLWRU WKH EHJLQQLQJ RI WKH UHDFWLRQ� RQ WKH RWKHU KDQG� KLJK VHOI�KHDWLQJ
UDWHV SURGXFH GLVWRUWLRQ RI WKH FXUYHV� DQG KLJKHU Φ YDOXHV �PRUH WKDQ �� PLJKW EH
XVHG WR IROORZ WKH FRPSOHWH H[RWKHUP� 7KH VXJJHVWLRQ LV WR XVH IDFWRUV Φ DV ORZ DV
SRVVLEOH� EXW QRW WRR ORZ�

7UDGLWLRQDOO\� WKH NLQHWLF WUHDWPHQW RI DGLDEDWLF FDORULPHWU\ GDWD DVVXPHV D NL�
QHWLF PRGHO WR FDOFXODWH WKH NLQHWLF SDUDPHWHUV� 7KH NLQHWLF SDUDPHWHUV REWDLQHG LQ
WKLV ZD\ PD\ EH PHDQLQJOHVV� DQG WKH\ PD\ SURGXFH DQ LQFRUUHFW VLPXODWLRQ RI WKH
EHKDYLRXU RI WKH V\VWHP XQGHU GLIIHUHQW FRQGLWLRQV�

7KH DLP RI WKLV SDSHU LV WR GHYHORS D SURFHGXUH ZLWK ZKLFK WKH DFWLYDWLRQ HQHUJ\
RI WKH SURFHVV FDQ EH REWDLQHG ZLWKRXW DVVXPSWLRQ RI WKH NLQHWLF PRGHO� 7KLV SURFH�
GXUH ZLOO IXUQLVK PRUH UHDOLVWLF YDOXHV RI WKH DFWLYDWLRQ HQHUJ\�

7KHRU\

6RPH WKHUPDO DQDO\VLV �7$� WHFKQLTXHV VXFK DV GLIIHUHQWLDO VFDQQLQJ FDORULPHWU\
�'6&�� XVH PRUH WKDQ RQH FXUYH WR REWDLQ WKH NLQHWLF SDUDPHWHUV� ,Q WKLV NLQG RI
PHWKRG� WKH DFWLYDWLRQ HQHUJ\ LV FDOFXODWHG LQ D SUHYLRXV VWDJH� DQG RQFH LW LV NQRZQ� WKH
NLQHWLF PRGHO FDQ EH IRXQG� VR QR SUHYLRXV GHILQLWLRQ RI WKH NLQHWLF PRGHO LV UHTXLUHG�

2QH RI WKH PRVW SRSXODU PHWKRGV LQ 7$ ZDV WKDW GHYHORSHG E\ .LVVLQJHU >�@� 7KH
PHWKRG LV EDVHG RQ WKH IDFW WKDW WKH WHPSHUDWXUH RI WKH PD[LPXP RI D '6& FXUYH LQ�
FUHDVHV ZLWK WKH KHDWLQJ UDWH� 7KLV YDULDWLRQ FDQ EH H[SODLQHG WKHRUHWLFDOO\ DQG LV D
IXQFWLRQ RI WKH DFWLYDWLRQ HQHUJ\�

7KH JHQHUDO H[SUHVVLRQ IRU WKH UHDFWLRQ UDWH RI D VLPSOH SURFHVV LV
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ZKHUH J�α� V\PEROL]HV WKH NLQHWLF PRGHO� DQG α� WKH GHJUHH RI FRQYHUVLRQ� LV GHILQHG DV
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,Q G\QDPLF '6&� WHPSHUDWXUH DQG WLPH DUH UHODWHG E\ WKH KHDWLQJ UDWH� β G7�GW�
7KH .LVVLQJHU PHWKRG LV EDVHG RQ VWXG\ RI WKH WHPSHUDWXUH DW ZKLFK WKH PD[LPXP
UHDFWLRQ UDWH DSSHDUV� $W WKLV SRLQW G�α�GW� YDQLVKHV� OHDGLQJ WR
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DQG� ILQDOO\� WR WKH ZHOO�NQRZQ .LVVLQJHU HTXDWLRQ�
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ZKHUH WKH H[SUHVVLRQ $5�(J′�αS� LV DVVXPHG WR EH D FRQVWDQW�
7KH VDPH LGHD FDQ EH DSSOLHG WR DGLDEDWLF FDORULPHWU\ GDWD� ,Q '6& WKH WHPSHUD�

WXUH DW WKH SRLQW RI PD[LPXP KHDW UHOHDVH LQFUHDVHV ZLWK WKH KHDWLQJ UDWH� ZKHUHDV LQ
DGLDEDWLF FDORULPHWU\ WKLV WHPSHUDWXUH LQFUHDVHV DV WKH IDFWRU Φ GHFUHDVHV� 7KXV� LI
DGLDEDWLF FDORULPHWU\ H[SHULPHQWV DUH SHUIRUPHG ZLWK GLIIHUHQW IDFWRUV Φ� LW PLJKW
EH SRVVLEOH WR REWDLQ WKH DFWLYDWLRQ HQHUJ\�

,Q DGLDEDWLF FDORULPHWU\� WKH JHQHUDO H[SUHVVLRQ IRU WKH UHDFWLRQ UDWH LV WKH VDPH
DV (T� ���� EXW� ZLWK WKH DVVXPSWLRQ WKDW WKH KHDW FDSDFLW\ RI WKH V\VWHP UHPDLQV FRQ�
VWDQW WKURXJKRXW WKH UHDFWLRQ� D PRUH FRQYHQLHQW GHILQLWLRQ RI WKH GHJUHH RI FRQYHU�
VLRQ LV HPSOR\HG�
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7KXV� WKH UDWH RI WHPSHUDWXUH ULVH LV QRW D FRQVWDQW� DV LW LV LQ G\QDPLF '6&� DQG DW
WKH PD[LPXP LW KDV WR EH H[SUHVVHG DV �G7�GW�S�

6WXG\ RI WKH PD[LPXP SRLQW SURGXFHV WKH H[SUHVVLRQ
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)LQDOO\� WKH H[SUHVVLRQ WKDW OHDGV WR WKH DFWLYDWLRQ HQHUJ\ IURP D VHW RI DGLDEDWLF H[�
SHULPHQWV LV LQIHUUHG�
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,W VKRXOG EH SRLQWHG RXW WKDW WKH H[SUHVVLRQ REWDLQHG IRU DGLDEDWLF FRQGLWLRQV LV VLPL�

ODU WR WKH .LVVLQJHU HTXDWLRQ� EXW WKH KHDWLQJ UDWH β LV UHSODFHG E\ WKH VHOI�KHDWLQJ

UDWH G7�GW� ERWK DW WKH WHPSHUDWXUH RI PD[LPXP KHDW UHOHDVH�
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(TXDWLRQ ���� WKHUHIRUH DOORZV WKH FDOFXODWLRQ RI WKH DFWLYDWLRQ HQHUJ\ IURP D VHW RI
DGLDEDWLF H[SHULPHQWV SHUIRUPHG ZLWK GLIIHUHQW IDFWRUV Φ WKURXJK D VLPSOH OLQHDU UH�
JUHVVLRQ RI OQ���7S

��G7�GW�S� YV� ��57S� 1RZ LW LV SRVVLEOH WR DSSO\ D PHWKRGRORJ\
WKDW DOORZV WKH GHYHORSPHQW RI D NLQHWLF PRGHO WKDW EHWWHU ILWV WKH H[SHULPHQWDO GDWD
>�@�

7KH ILUVW VWHS LQ WKLV PHWKRG LV WR PXOWLSO\ WKH H[SHULPHQWDO YDOXHV RI WKH UHDFWLRQ
UDWH E\ H

(�57 � WKLV \LHOGV WKH IXQFWLRQ <�α�� ZKLFK LV SURSRUWLRQDO WR WKH NLQHWLF PRGHO
J�α� DQG KDV WKH VDPH VKDSH�
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7KH VKDSH RI <�α� FRQWDLQV LQIRUPDWLRQ DERXW WKH NLQHWLF PRGHO� )RU H[DPSOH� LQ WKH

PRVW VLPSOH FDVH� LI WKH IXQFWLRQ <�α�� QRUPDOL]HG ZLWKLQ ������ YV� α LV D VWUDLJKW OLQH

ZLWK VORSH HTXDO WR −�� WKHQ WKH NLQHWLF PRGHO VKRXOG UHSUHVHQW D ILUVW�RUGHU UHDFWLRQ�

([SHULPHQWDO

7R FKHFN WKH YDOLGLW\ RI WKH PHWKRG� WKH WKHUPDO GHFRPSRVLWLRQV RI WZR SHUR[�

LGHV ZHUH VWXGLHG� 7KH VHOHFWHG VXEVWDQFHV ZHUH ����GLPHWK\O�����GL�WHUW�EXW\OSHU�

R[\�KH[DQH �'+%3� DQG GL�WHUW�EXW\O SHUR[LGH �'7%3�� %RWK GHFRPSRVLWLRQV ZHUH

VWXGLHG E\ XVLQJ WKH DGLDEDWLF FDORULPHWHU 3+,�7(& ,, IURP +�(�/�

6WXG\ RI '+%3

1LQH DGLDEDWLF H[SHULPHQWV ZHUH FDUULHG RXW ZLWK WKLQ�ZDOOHG VWDLQOHVV VWHHO �66�

DQG JODVV FDQV� 7KH UHVXOWV DUH SUHVHQWHG LQ 7DEOH ��

)LJXUH � VKRZV WKH HYROXWLRQ RI WHPSHUDWXUH DV D IXQFWLRQ RI WLPH IRU WKH H[SHUL�

PHQWV� 7KH DSSOLFDWLRQ RI WKH GHYHORSHG PHWKRG� (T� ����� OHDGV WR D VWUDLJKW OLQH DV

VKRZQ LQ )LJ� �� 7KH VORSH RI WKLV OLQH FRUUHVSRQGV WR DQ DFWLYDWLRQ HQHUJ\ RI

���±�� N- PRO
−�� ZKLOH WKH DFWLYDWLRQ HQHUJ\ REWDLQHG E\ WKH VWXG\ RI IRXU '6&

FXUYHV DW GLIIHUHQW KHDWLQJ UDWHV LV ���±� N- PRO
−�� WKH UHODWLYH GLIIHUHQFH EHLQJ

DERXW ��� 7KHVH '6& H[SHULPHQWV DUH SUHVHQWHG LQ )LJ� �� ,Q WKLV FDVH� D GLVSHUVLRQ

RI WKH SRLQWV LV REVHUYHG� ZKLFK FRXOG EH GXH WR WKH YHU\ KLJK KHDWLQJ UDWHV REWDLQHG

RU WR WKH IDFW WKDW WKH H[SHULPHQWV ZHUH FDUULHG RXW ZLWK GLIIHUHQW W\SHV RI FHOOV�

)LJ� � &KHPLFDO VWUXFWXUHV RI '+%3 DQG '7%3
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6WXG\ RI '7%3

7KH H[SHULPHQWV ZHUH FDUULHG RXW ZLWK WKLQ�ZDOOHG 66 FDQV RI ��� P/� 7KH FKDU�

DFWHULVWLF SDUDPHWHUV RI WKH H[SHULPHQWV DQG WKH UHVXOWV DUH OLVWHG LQ 7DEOH ��

7KH HYROXWLRQ RI WHPSHUDWXUH DV D IXQFWLRQ RI WLPH LV SUHVHQWHG LQ )LJ� �� 7KH DS�

SOLFDWLRQ RI WKH GHYHORSHG PHWKRG� (T� ����� OHDGV WR DQ DFWLYDWLRQ HQHUJ\ RI

���±� N- PRO
−� �)LJ� ��� 7KLV UHVXOW LV LQ JRRG DJUHHPHQW ZLWK WKH OLWHUDWXUH >�@ YDOXH

RI ���±� N- PRO
−�� 7KH UHODWLYH GLIIHUHQFH LV DERXW ���

)LJ� � 7HPSHUDWXUH DV D IXQFWLRQ RI WLPH IRU WKH WKHUPDO GHFRPSRVLWLRQ RI '+%3 XQGHU DGL�
DEDWLF FRQGLWLRQV

7DEOH � ([SHULPHQWDO FRQGLWLRQV DQG UHVXOWV RI '+%3 WHVW

([SHULPHQW &DQ W\SH Φ
7R� 7I� 7S� (G7�GW)S�
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� JODVV ���� ����� ����� ����� ���
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� JODVV ���� ����� ����� ����� ���
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)LJ� � '\QDPLF '6& H[SHULPHQWV RQ WKH WKHUPDO GHFRPSRVLWLRQ RI '+%3� 7KH UHDFWLRQ UDWH
LV QRUPDOL]HG E\ GLYLVLRQ E\ WKH FRUUHVSRQGLQJ KHDWLQJ UDWH� D ± � . PLQ

−�
�

E ± � . PLQ
−�
� F ± �� . PLQ

−�
DQG G ± �� . PLQ

−�

)LJ� � 'HYHORSPHQW RI WKH DFWLYDWLRQ HQHUJ\ LQ WKH WKHUPDO GHFRPSRVLWLRQ RI '+%3

7DEOH � ([SHULPHQWDO FRQGLWLRQV DQG UHVXOWV RI '7%3 WHVW

([SHULPHQW Φ
7R� 7I� 7S� (G7�GW)S�
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7KH NLQHWLF PRGHO

7KH IXQFWLRQ <�α� YV� WKH GHJUHH RI FRQYHUVLRQ α LV SUHVHQWHG LQ )LJV � DQG �� $O�

WKRXJK WKHUH LV D ODUJH LQIOXHQFH RI QRLVH DW ORZ VHOI�KHDWLQJ UDWHV� ZKLFK SUHYHQWV

QRUPDOL]DWLRQ RI WKH IXQFWLRQ� OLQHDU UHJUHVVLRQ RI WKH GDWD JLYHV D UHDVRQDEO\

VWUDLJKW OLQH� ZKLFK LPSOLHV WKDW WKH NLQHWLF PRGHO LV D ILUVW�RUGHU UHDFWLRQ DV IRXQG LQ

WKH OLWHUDWXUH >�� �@�

)LJ� � 7HPSHUDWXUH DV D IXQFWLRQ RI WLPH IRU WKH WKHUPDO GHFRPSRVLWLRQ RI '7%3 XQGHU DGL�
DEDWLF FRQGLWLRQV

)LJ� � 'HYHORSPHQW RI WKH DFWLYDWLRQ HQHUJ\ LQ WKH WKHUPDO GHFRPSRVLWLRQ RI '7%3
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&RQFOXVLRQV

$ PHWKRG IRU HYDOXDWLRQ RI WKH DFWLYDWLRQ HQHUJ\ E\ XVLQJ D VHW RI DGLDEDWLF FDO�
RULPHWU\ FXUYHV KDV EHHQ GHYHORSHG� 7KH WKHUPDO GHFRPSRVLWLRQV RI WZR SHUR[LGHV
KDYH EHHQ VWXGLHG ZLWK WKLV PHWKRG� WKH UHVXOWV EHLQJ LQ JRRG DJUHHPHQW ZLWK WKH OLW�
HUDWXUH DQG ZLWK WKH UHVXOWV REWDLQHG IURP '6&� 7KH XVH RI D VHW RI DGLDEDWLF FDO�
RULPHWU\ FXUYHV UHVXOWV LQ PRUH UHDOLVWLF NLQHWLF VWXGLHV� EHFDXVH LW LV QRW QHFHVVDU\ D
SULRUL WR DVVXPH WKH NLQHWLF PRGHO WR REWDLQ WKH DFWLYDWLRQ HQHUJ\�

7KH PDLQ SUREOHP RI WKH PHWKRG LV QRLV\ GDWD DW ORZ VHOI�KHDWLQJ UDWHV� $FFRUGLQJO\�
LPSURYHPHQWV LQ WKH HTXLSPHQW WR PLQLPL]H QRLVH ZRXOG IDFLOLWDWH WKH NLQHWLF DQDO\VLV�

)LJ� � )XQFWLRQ <�α� DV D IXQFWLRQ RI WKH GHJUHH RI FRQYHUVLRQ α IURP H[SHULPHQW � RQ
'+%3 XQGHU DGLDEDWLF FRQGLWLRQV

)LJ� � )XQFWLRQ <�α� DV D IXQFWLRQ RI WKH GHJUHH RI FRQYHUVLRQ α IURP WKUHH H[SHULPHQWV RQ
'7%3 XQGHU DGLDEDWLF FRQGLWLRQV
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1RPHQFODWXUH

$ $UUKHQLXV IUHTXHQF\ IDFWRU V±�

( DFWLYDWLRQ HQHUJ\ - PRO±�

FSF VSHFLILF KHDW RI WKH DGLDEDWLF FHOO - NJ±� .±�

FSP VSHFLILF KHDW RI WKH VDPSOH - NJ±� .±�

4
.

SRZHU UHOHDVHG E\ WKH UHDFWLRQ :
W WLPH V
7 WHPSHUDWXUH .

*UHHN�V\PEROV

α GHJUHH RI FRQYHUVLRQ
β UHDFWLRQ UDWH . V±�

Φ DGLDEDWLFLW\ IDFWRU

6XEVFULSWV

I ILQDO
R LQLWLDO
S SHDN

  

5� 6HUUD ZRXOG OLNH WR H[SUHVV KLV JUDWLWXGH WR WKH µ&RPLVVLRQDW SHU D 8QLYHUVLWDWV L 5HFHUFD

GH OD *HQHUDOLWDW GH &DWDOXQ\D¶ IRU WKH SUH�3K' JUDQW WKDW DOORZHG SDUWLFLSDWLRQ LQ WKLV SURMHFW�

7KH DXWKRUV DOVR ZLVK WR H[SUHVV WKHLU JUDWLWXGH WR (OI $WRFKHP�

5HIHUHQFHV

� +� (� .LVVLQJHU� $QDO� &KHP�� �� ������ �����
� -� 0½OHN HW DO�� -� 7KHUPDO $QDO�� �� ������ ���
� '� +� 6KDZ DQG +� 2� 3ULWFKDUG� &DQ� -� &KHP�� �� �������
� *� :LGPDQQ DQG 8� -ÒULPDQQ� 0HWWOHU 7ROHGR $QDO\WLFDO� 6FKZHU]HQEDFK� 7HFKQLFDO 1RWH�

�����
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